Journal of Statistical Physics, Vol. 25, No. 4, 1981

Multiple Scattering in Random Media
II. The General 2BA for the Uncorrelated System

Eugene P. Gross'

Received August 5, 1980

The paper is an application of a general microscopic approach to the theory of
the average scattering matrix for a particle interacting with random scatterers.
We present a detailed treatment for the case of uncorrelated positions of the
scatterers. First, the general two-body additive approximation is used to truncate
the hierarchy of correlation functions for fluctuations. It is shown that the
self-energy is accurate through the fourth power of the individual scattering
amplitude. Second, the hierarchy is terminated at the next stage. The self-energy
is correct to the sixth power of the scattering amplitude.

KEY WORDS: Multipie scattering; random media.

1. INTRODUCTION

We summarize the basic equations of the microscopic approach to multiple
scattering. In the notation of LY with 2 standing for the wave vector k,,
and with a matrix notation in wave vector space, the self-energy corre-
sponding to the ensemble averaged 7 matrix is given by

— —1
22)=NQ2|(1-K) 12 H
The kernel is K = K, + K ,. K, is the quasicrystalline approximation part
U Ky(2)I3> = <1|1Go|3> Fy(2 — 3) )

where F,(2 — 3) is the Fourier transform of the static pair distributions, and
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K, is a kernel that takes account of the fluctuations. It is given by

— 2—A
AR @ = LEL—2 000 SIER QA )

Here
Eg(\)= > Eg(\)= > exp[iM(Rg — R,)]
Y= B Y#B

and the Ry are the site positions. This is an ensemble average involving a
microscopic fluctuation I',. The manipulation of the fluctuation equation
to exhibit collective effects gave

AL = UBLDBY +8 3 ALy T )
Fa

The source term 8/, and the matrix §L,, are given in terms of
(1|(Ko) 513> = N<1tGy|35 Eyg (2 — 3)(1 — 8, ) (5)
The source term 6/, is
_ 8K? 1 K,
* N N1-K,

2819“ (6)

The first term is a direct term of order ¢ with the functional form of the
restricted 2BA. The second term is of order 2 and is a collective term
involving pairs of particles other than a.

The kernel 8L, is

_ 1 1 K, 1
8L,p = Y\J‘(BKO)aB+ ¥ %, 8K, (7

Again the direct term is of order ¢ and the collective term is of order ¢ In
the restricted 2BA we limited ourselves to an ansatz for I', of the same
form, replacing the direct source term {1|¢G,|3) by a quantity {1|H|3). H
was determined by using a hierarchy equation to treat nonlinear fluctua-
tions. For the uncorrelated case and for a one-dimensional § function we
found

(H3Y = 1GE(3),  GE(3) = Go(3)/[1 — NtGy(3)]

We now want to improve on this result. To this end we first provide
motivation for the general 2BA. Thus an expression for I', accurate to
order #* is

T, =8, + =8 S (8Ky),, X (8Ko),,
N® fza Y78

Let us examine the functional form of the second term. It has three distinct
types of contributions. The first type comes from particle reduction y = a.
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It yields a generalized 2BA functional form. For example for the uncorre-
lated system it is

C1[eGol3 = A>(3 = A[1Go[3) ﬁZ Eep (M)
o

The second type of contribution involves a 5= 8 %% vy with a wave vector
reduction. For the uncorrelated case it is N{1|tGy|3)(3|tGo|3)3, . E,,
X (2 — 3). This is of the restricted 2BA form, and is in fact the first term in
the expansion of the form for {1|H|3)>. The third type of functional
dependence has an irreducible three-body additive form.

The functional form of T, is used to compute the kernel K. In the
uncorrelated system it is found that the 3BA terms give zero contribution.
In fact the collective part of the source term also gives no contribution.
Thus the functional form of the general 2BA is adequate to give K to >
accuracy and with it a self-energy accurate to order ¢*. The 3BA terms give
a finite contribution for the case of general correlations. The general 2BA
together with the collective source term give only part of the t* contribu-
tions. In the present paper we work out the details of the general 2BA for
the uncorrelated case.

2. THE RESTRICTED 2BA SELF-ENERGY

We first present some further details of the restricted 2BA for the
uncorrelated case. The quantities encountered play a role in the general
2BA. We pay particular attention to the one-dimensional 8-function case
where (1]7]2) = ¢ = 7 /L. This case was extensively treated by Klauder.®®
The kernel K, is then

K\(2:3) = 2L°G3(3)G,(3) ®)

where n = N /L is the linear density.
The self-energy is

T =nr/[1- Ky (2;3)] (9)

T:UO/(l_ %f‘“—*“m,ﬁm) (10)

We first write K, in a form to make a direct correspondence with Klauder’s
results. We have

Ri(2:3) = 22 [dGEMGM) = = [dA(GEM) - G} (1)

where

2=n[vi0—%fd}\G§(>\)]—l (12)
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This is a form intermediate between Klauder’s fourth and fifth approxima-
tions.

In the present theory the results are expressed most simply in terms of
the ¢ matrix rather than the bare potential. We encounter the spatial form
of the Green’s function. Let

Gy(x) = f e™MGy(A) dA

GoN) = 5= [e™™Gy(x) dx (13)
The explicit forms are
1
GAMEy= —n——
oA E) E + ie — \2/2
Go(x| E) = —[27/QIE])'*]exp[ ~|x|2IE)'/*],  E<0 N
= —[27i/(2E)?|exp[ ilx|2E)'?],  E>0 (%
The starred Green’s functions are more complicated. We have
G¥A|E)= Gy(AE — n7(E
SN E) = G| E — nr(E) )

GE(x| E) = Gy(x| E — nr(E))
We need to examine the quantity E — nr(E) in more detail. For E > 0
ivg

1
(2E)'? (16)

(1+v5/2E)

7(E)=vo[1—

so that

nog ivgn

E—nr(E)=E-— +
T(£) L+ 03/2E  (2E)*(1+ v}/2E)

(17)
This has a finite positive imaginary part for both signs of v,. Thus we have

Go(x | E — nr) = — Wexp[i|xlzl/z(E —m ] (18)

exhibiting a damped oscillation in space.
For E < 0 there are two cases. We work with E + e with ¢ small and
positive. Then 7(E) is nearly real. To first order in €

A, . ienvd| E| 3%

1+ v,/ (2| E| 72 e 172 g 11/2y?
v/ (2|E]) (1+v/2V5E]7)

E—nr(E)y=—|E| - (19)

The imaginary part is always positive while the real part can be positive or
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negative. As € >0 we have (E <0, E — nr <0),

Go(x|E —nry= — mﬁiﬁg%l’[ —[xIQlE - ”T[)l/z] (20)

With the spatial form of the Green’s functions the restricted 2BA gives
a formuia

—_ . n72 ~ ~
K(2:3) = oy fGO(xIE— nt)Go(x | E )dx (21)
We have in the three regions
)
— —~1l)nt
E >0, K(2;3) = 1(2 ) =
QEY/YE - nt)"/
1
EV2 4+ (E - nr)'/?
2
E<0, E-n<0 n 1

T QE) [E—m|

1
X
[ IE!‘/2+|E~MII/2J

_ (i)nr
QIEN*(E = nr)'/?

E <0, E—nr>0

< 1
|E['/? - i(E — n1)'/?
(22)
Finally, we examine E — n7(E), contrasting the behaviors for repulsive and
attractive v,. For £ > 0 we use Eq. (17) for £ — nr(E).
If v, < 0 (attractive potential) the value at E = 0 is zero and the slope
of the real part is positive for all E. So the real part E— nr(E) is a
monotonic function tending to E as £-> oo. If vy, > 0 (repulsive potential)
there are two cases at high densities when 2n > v, the slope at £=0 is
negative and Re[E — n7(E)] has a negative region, rising to zero at £ =
10y(2n — vy). In the low-density case 2n < v, the function is positive and
monotonic.

If £ <0 the value of E — nr(FE) is always negative for the repulsive
case, Viz.

71190(2]E|)1/2 }

E—nr=—||E|+ ————
n Iﬁ! l (2IE|)I/2"DO
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For E <0 and vy < 0 (attractive potential) we have

” el IE] "
E—nr=—||E|~ 23
{' | <2|E|>‘/2—|oo|} *)

Thus E — nr starts out at zero for E = 0, has a negative slope and tends to
— o0 as one approaches the bound state |E| = v}/2. If |E| is slightly larger
than this, £ — a7 tends to + co. It is then monotonic decreasing, passing
through zero at

Q2E])'>= 1|0, +(zvo+4niuol) (24)
and tending to —|E| as |E| > .
3. GENERAL 2BA—UNCORRELATED DELTA-FUNCTION

POTENTIALS

We first adapt Eq. (61)—(64) of T for {1|U,(A\)|3) to the uncorrelated
case. Recall that

U\ = Z Eg (NI

Us(MiA) = 2 E,(=A=A)E(ME, AT, (25)

Y+ B+

with the kernel K, given as
QAIR(2)3) = (1/ N KUiGol2 = MAQA|0)2 ~ A T3> (26)

We write the equation for U,(2 — 3) separately. In the N > oo limit, the
integral term, the collective part of the source term, and C,(2 — 3) all
vanish.

(UU2 = 3)[3) = N|1Go3>3| Ty(2 = 3)13)
= N2(|1Go|3) + {1[1Gol2 — A1
X 2= M| U5(3 = 2 N> AMNAA2 - 3) (27)

One finds that the U, term is zero for the restricted 2BA with or
without collective terms. The general 2BA uses the microscopic truncation

AIT)3y = AUHE)BEL2 - 3) + U[H 2 ~ MIBEL(DAA]2 - 3)
(28)
If one sets up the hierarchy equations for U, one sees that the source term

vanishes for the uncorrelated system So the exact U, is at most of order #?,
contributing only terms of order #* to U,.
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In the equation for U,(A), A % 2 — 3 we treat U,(2 — 3) as an inhomo-
geneous term. In the N — oo limit

ATM)I3) = N[Go[2 = 232 = N T3>
= (1J£Gol2 =X = A 32 = A = M| Uy(A)I3YA(A |2 — 3)A(A, ] 0)
= (1|tGyf3 = A3 = A U,(2 = 3)|3)
+ (1[Go|2 = A1p<2 = My Us(—Al[A)BA(A [A) (29)
Note that U)2 — 3)~N and U,(A\)~1 for A #2 — 3.
We now specialize to the case of the one-dimensional delta function.

Then <1|U,(\)|3) is independent of the wave vector k. It depends paramet-
rically on the wave vectors k, and k,. We introduce

AIT,MN)3) = Z(X;2;3) (30)

and write Z(A) for brevity. Passing to the continuum limit, with t =7/L,
n=N/L,we find for A2 -3

(1= mGo(2 = 1)) Z(A) = 5= f_*“’c;o(z ~A=A)Z(A)dA

oo 22
= mGy(3 —N) ———— (31

In the N — oo limit we have
Z(2 - 3)/N = n1G§(3) (32)

This is unchanged from the restricted 2BA.
It is convenient to define Y(A) by

ZA)y= Y(\)rZ(2 - 3)/N (33)
Then
[1=mGy2=N]Y(N) ~ 5= fGo(z —A=A)YA)dA = Go(3 — )
(34)

The kernel K is given as
— 2
K(2:3)=2 Gg(3)[ Go3) + 5= [Go2 =N Y () d}\] (35)

It consists of the restricted 2BA plus a contribution from A # 0.

Our task is now to study the integral equation for Y(A). In the units
that we have used # = m = 1. Energies are inverse lengths squared. v, and
with it the complex 7(E) are inverse lengths. The quantities n/|7| or n/|v,|
are dimensionless. There are two obvious cases that correspond to n/v,
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large and small. For the high-density limit the first approximation to Y (A),
holding as nr is finite with r—>0, is

Go(3 = A)
1 — n1Gy(2 ~ A)
We write AK(2; 3) for the correction to the restricted 2BA. Then
= 2
AK\(2:3) > 85 () f f G3(3)GE(2 — NGo(3 = N drd(3) (37)

In terms of the spatial Green’s functions

Y(A) = (36)

— 3 -~ ~ .
AKy(2;3)> 5T f dx G3(x| E — nr)Gy(x | E e~ (38)

which, in contrast to the restricted 2BA, is dependent on k,.
The second simple limit is a low-density limit where ar — 0 with any
value of 7. We write

Y= fGO(z —A=A)Y(\)d\,

— L mGE2 - A)fGO(z —A=A)Y(A)dA,

2
e (39)

and a related (adjoint) form for the quantity
X)) =YN)[1-nrGy2—N)] (40)
XN = 3= [Go2 = A= A)X(A)dA,
~ mfGO(z ~A=A)GER —A)X(A)dA, = Go(3—A) (41)

In both cases we have a convolution structure when the term proportional
to nt is neglected. We then solve the equation

W) = 5= fGo(z — A=A AN =8 -1 (42)
The solution in terms of Fourier transforms is elementary. Introduce

W(x|A') = [e™m AN dA'

. (43)
WA = J—fe““f‘W(xlN)dx
2q
Since Gy(x | E) = Go(— x| E), we have
- Nx (/20 Go( x| E e 2 A0x
W(x|A) =2 (r/2m) Golx | E) (44)

1— [(T/zw)éo(x[zﬂ:)]2
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Using the adjoint form
YA =[1- nrGy(2 - A)]“IW(MA‘)GO(A' ~3)dA' (45
we find
[e"* + (1/2m)Gy(x | E) ] .
. x
L= [(r/2m)Go(x| E) ]’
(46)
This reduces to the previous expression as 7—>0. Of course, the exact
solution involves the determination of a kernel S(A|A!) in place of
WA |AY. 1t obeys
(1= mGy2 = N}SAIN) ~ & fGO(z —A=A)S(A A dA = 8(A = 1)
(47)
The preceding considerations do not handle the bound-state regions
for moderate densities. It is likely that the preceding equation has an exact
solution by analytic function techniques, but we have not found it. The
problem may be approached analytically via stationary variational princi-

ples, e.g., the Schwinger variation principle.
Along with Y(A\) we consider the auxiliary function /(A), which obeys

[1-mGo2 = NI ~ 5= fc;o(z ~A=A)IA)dN = G2 — ) (48)

- 3 ~ ~
ARy(2:3)= 2T ng(x | E — n1)Gy(x | E)

This is the same as the equation for Y, except for the inhomogeneous term.
We construct the functional

J =fGO(2 —NYQ) dx-fdxl Go(3 = A)I(\,)/ M (49)
M= f aAIN)[1 = mGy2 ~N]Y(A)

-5 ffI(A)GO(Z ~A=A)Y(QA)dAdA, (50)

J is stationary for approximations to 7 and Y in the vicinity of the exact
values. The stationary value of J is [Gy(2 — A) Y(A)dA, i.e., just the quantity
needed to compute K,(2;3). The simplest trial functions are obtained by
inserting

YQA) = Go(3—N)/[1-nmGy(2—=N)],  IN)=Gs2-1) (51)

to improve the weak scattering limit. Appropriate expressions from the
Fourier transform solution may be used to extend the low-density case.
The results of the present approach are most naturally compared with
Klauder’s early, pioneering paper. Klauder has compared the density of
states corresponding to several levels of approximation with the exact
results of Frisch and Lloyd. It is relatively easy to do this with self-energies
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that are independent of k,. Klauder’s most sophisticated approximation
takes into account strong f-matrix scattering, as well as medium effects, and
leads to a momentum-dependent self-energy. In view of the complication,
this approximation was not evaluated numerically and compared with the
exact results.

In general it is easier to compute with the present type of theory since
we work with explicit expressions for the self-energy. There is no difficulty
connected with the computation of self-consistent propagators. As noted
earlier, the restricted 2BA is close to Klauder’s fifth approximation with =
approximated by nt at an appropriate point. The more interesting general
2BA yields a = that is accurate to #* and is therefore momentum depen-
dent. We have not carried out any numerical computations with it. Our
confidence in this expression is based on the agreement to order #* and on
the general logical structure of the theory.

Thus far we have neglected the collective terms. It is easy to see that
for the uncorrelated case they do not disturb the ¢* accuracy of the general
2BA. The hierarchy equation for U,(A), viz.,, Eq. (29), is exact for the
uncorrelated system. The collective contribution to the source term is in
general of order ¢ but vanishes for the uncorrelated system. An improved
microscopic assumption for ', involves a collective term that starts as >
and so could only give contributions to U, from B, and C, that are of order
t3. Thus there are no collective contributions to the t* self-energy. In fact,
the argument goes further. The improved I', that results from adding a
collective term to the general 2BA (as was done for the restricted 2BA in 1),
gives zero contributions to U, from the B, and C, terms in the N — oo limit.

The type of theory described here is expected to share one shortcoming
of standard multiple scattering theories. It is not expecied to describe the
effects of very large fluctuations that result in deep traps. These have been
treated by Lifshitz,”® Halperin and Lax,® Zittarz and Langer,”® and
subsequently by many others.'® They account for the tail in the density of
states. They are of course contained in the exact Frisch-Lloyd” one-
dimensional solutions.

4, UNCORRELATED SYSTEM—GENERAL SCATTERING MATRIX

We now briefly study the general 2BA for a general (1]#3) and for a
separable three-dimensional ¢ matrix. For the uncorrelated system the
truncation again implies that U, =0 and that C, = 0. The equations for
U,(\) are Egs. (27) and (29).

The equation for A =2 — 3 again decouples in the N—> oo limit, and
we have the same result as for the restricted 2BA:

QT2 = 3)13> = N¥UGE3) (52)



Multiple Scattering in Random Media 615

For A 5= 2 — 3 we solve {2 — A|U,(\)|3) and eliminate it. This gives
TN = Ate2 = N2 = A= 7>
X Go(2 = A= A2 = A= M| Uy(A)I3)

= 2 - NB-NGG -V G- NGB (53)
wher
T 2= Ny = U4y + NCGER ~ M@ — Ny (54)

We are interested in computing

— 1 3 —
AR @B = L 57,0 - 5y
+ gﬂ@ﬁ_—_& 2~ ANU(MI3 (55)

In the weak scattering limit we have
1K (2)13) = N<1|1Go3)(3|G313)
+ NCUIGE12 — A2 — AltGo|3 — A)<3 — Al1GE[3)  (56)

This provides ¢* accuracy for the self-energy.

The integral equation for {1|U,(A)|3) is formidable for the general
nonseparable (1[#]2). It is, however, easy to reduce it to simple terms for a
three-dimensional separable scattering potential

Let

Q13> = yu(u(3) (57)

f w?(\)dA= 1

u(7) is a form factor and y measures the strength of the potential. We can
simplify the integral equation with the ansatz

AITLMN)3)y = ¥’N2GEB)u()u(3)D(A) (58)
Then
) D)1= Ny8o2—N)} — v86(2 = A= M)D(A) =843 —-1) (59)

where

So(A) = (W) Go(A) (60)

This is the same form as was encountered for Y(A) in the one-dimensional
delta-function case. We have

Q|Ty2 - 3)[3) = Nyu(1)u(3)GE(3) (61)
UK ()3 = NWGEB)yu(u(3){8o(3) + vu* 2 = M)Go(2 = M)D(A) }
(62)
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We can find explicit expressions for the weak scattering and low-
density limits in the same way as in the previous section.

5. HIGHER APPROXIMATIONS

For the uncorrelated case, we have seen that the general 2BA is
equivalent to setting U3(—}\||)\1) equal to zero. It is instructive to study
improvements by examining the second hierarchy equation. For simplicity
we work with the delta-function potential and ignore collective effects.
They will not contribute to the hierarchy equations.

For the two-point function we found that U,(2 — 3) plays a special role
since it has a direct source term. The U,(A) for A #= 2 — 3 is 1Gy(3) U,(2 — 3).
We first find a more accurate expression for U,(2 — 3). The exact first
hierarchy equation is

Ux(2 = 3)[1 = NtGy(3)] = N#Gy(3)+1Gy(2 — \))
Uy(3 =2 ADA(AINA(AL|2 = 3) (63)
We therefore set down an equation for Uy(3 — 2||A,). In the N — oo limit
[1= NGy2 =AY T5(3 = 2||A)) = 1G( A + A, +3 =2 = 2)U5(3 — 2| Ay)

= N1Gy(2 = A)U5(2 = 3) + 1Go(2 — M)A(As | )
XVu3-22=3-NA + 1 Ny) (64)

where

Vy=%E 3 - 2)E;2—3—A)E,A —M)E;(M\)Ts (65)

with all of the particle indices distinct. _
In the approximation that we neglect V,, this is a self-contained
equation. It may be solved with a kernel:

Us(3 = 2[A) = Ni5(\ | A2)Go(2 — Aa)Un(2 — 3) (66)
where $(A; |A,) obeys.
(1= NiG2 = N) [S(A [Ay) = 1Go(As + A +3 =2 = 2)§(A5|Ay)
=8\ \) (67)

This is essentially the same as the integral equation of Section 3. Thus we
have

Uy(2 = 3)[ 1 = N1Gy(3) = NI'Go(2 — M)S(A1] M) Go(2 — Ay) | = NGy(3)
(68)
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The additional power of ¢ in this result gives a ¢* contribution to K,(2;3)
and thus a #° contribution to the self-energy.

Equation (29) is the first hierarchy equation for U,(A) when A %2 — 3.
Here U,(2 — 3) is a given homogeneous term. Thus we need an equation for
U,(—A||A). After appropriate particle and wave vector reductions we find

{1 = NiGy(2 = M)} Us(— N[Ny = [ Go(2 = Ay + A = M) Us(—A[| Ao)
+ G0(2 —A- Az) ﬁ3()\ - >‘1 || Az)]
= NiGy(2 = A)[ UyN) + T\ — M) |
+tGo(3->\l)[(_]3(3—2|[}\+2—3)+ Us(3-21) ~>\+2~3)]
+1Go(2 = M) VaA ) — Al = AA = Ao [ A2)A(AL]A) (69)

We have isolated the terms involving Uy(3 — 2]|A,), since they are N
times U,(—A||A,) for A # 2 — 3. We can now make the truncation ¥, = 0.
This leads to a difficult but still tractable self-contained equation for the
Uy(—A||A). However, an even cruder approximation still extends the
accuracy well beyond the general 2BA. In lowest order, we neglect the
integral terms on the left-hand side of the above equation. Then

Us(=N M) & 1632 = M) [ Ty(M) + T\ = M) |

tG0(3 - }\1)
1= NiGy(2 = \y)

[(73(3—2;|>\+2¢3)

+U,3-2|A —A+2- 3)} (70)
This leads to a modified integral equation for U,(A).
Uy(M)[1 = NtGy(2 = X) = NEXGF(5)Go( 5) |
—tGE2 — A= M) Uy(A)A(A[2 - 3)
=1Gy(3 — N T,(2 - 3) + NE*GE(2 — 7))
XGo(3—AN[SA+2-3[A) +5(A —A+2-3[1y)]
X Go(2 — M) Uy (2 = 3) (71)

This modified equation for U,(A) is no more difficult to solve than the
general 2BA equation. The only extra complication is the extra homoge-
neous term.

We now estimate the error in the self-energy that is involved in using
Eq. (66) for U,2 — 3) and Eq. (71) for U,(A). The error in Us(—Al/A,))
arising from using Eq. (70), i.e., neglecting the integral term, is of order %,
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This contributes an error of order of #* in U,(A) and so an error ¢’ in the
self-energy. The error in (72(2 -3) may be obtained by noting that 7 is of
order tU3(3 2 A)~12UN2 — 3)~t Thus U;(3 —2||A,) is in error of
order t*, U,2 — 3) in error of order ¢°, K, of order ° and the self-energy in
error of order ¢’.

Thus far our result for the self-energy is accurate through terms of
order 5. We still have to verify that the collective contributions to the
source term J, and to the kernel L,z do not disturb this. We start by
examining the errors in the three-point functions. We note that the collec-
tive part of the source term vanishes for both Uy(3 —2||A,) and Uy(—
A A))- The contribution of the collective part of the kernel to Uy(3 — 2 ||A,)

is
%<1 2- A2>

X2 =Ml B2 =3 = M]3 =2 A) S EA) L T 13 (72)

G,

1'_“K0

since the source term vanishes. This is of order ¢* since KO, L,g, and Ty, are
all of ~z. The same thing is true for Uy(—A|A,). In summary, the
collective terms do not contribute to the self-energy through order . For
uncorrelated one-dimensional delta-function potentials the self-energy to
order ° is given by

22)=nm{1-K(2:3)]
Ri(2:3) = LG To(2 = 3) + £ G2 = MAQA 2= 5 T)) (73)
with U,2 — 3) given by Eq. (67) and (68). U,(A) is given by Eq. (71).
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